We present theoretical predictions and experimental measurements for the achievable phase noise, timing jitter, and frequency stability in the coherent transport of an optical frequency over a fiber-optic link. Both technical and fundamental limitations to the coherent transfer are discussed. Measurements of the coherent transfer of an optical carrier over links ranging from 38 to 251 km demonstrate good agreement with theory. With appropriate experimental design and bidirectional transfer on a single optical fiber, the frequency instability at short times can reach the fundamental limit imposed by delay-unsuppressed phase noise from the fiber link, yielding a frequency instability that scales as link length to the 3 / 2 power. For two-way transfer on separate outgoing and return fibers, the instability is severely limited by differential fiber noise.
INTRODUCTION
Distribution of highly coherent, stable frequencies over a wide area is an important enabling tool in a variety of applications including the comparison of optical clocks, searches for variations in the fundamental constants, radio astronomy, particle physics, and broad baseline interferometry, as discussed in several recent review articles [1, 2] . A challenge in the distribution of coherent frequency sources is how to transmit the coherent signal over long distances with minimal perturbation. Any variation in the path length connecting end sites results in a Doppler shift of the transmitted frequency, thereby degrading its phase noise and stability. A variety of techniques have been demonstrated to transport frequencies faithfully despite these Doppler shifts. A common-view global positioning satellite system (GPS) has traditionally been used, which allows flexibility in the receiver's position and fractional frequency stabilities of a few parts in 10 15 with one-day averaging [3] . Fiber-optic-based transmission provides an alternate method [1, 2] . In one approach, a coherent, stabilized RF tone is transmitted over an optical fiber by use of the RF to modulate an optical carrier. In an alternative approach, a coherent, stabilized optical frequency is transmitted directly over fiber. The optical frequency can be converted to any other optical frequency or RF at the far end through an optical femtosecond frequency comb [4] . This approach yields the highest fractional frequency stabilities and is the one discussed here. Following initial demonstrations in the early 1990s on the transport of optical frequencies [5, 6] , several groups have recently explored transmission of an optical carrier over optical fiber at ever-increasing distances up to 251 km [4, [7] [8] [9] [10] .
In this paper, we detail our theoretical and experimental efforts to determine the performance limitations for optical frequency transport through long optical fiber links building on our recently reported results [7] . We find two regimes of phase noise, or alternatively, frequency instability. At low frequencies, interferometer noise (excess phase noise from the measurement system) dominates. For higher frequencies the noise suppression is limited by what we call delay-unsuppressed residual phase noise due to the transit time of the light in the fiber link (the delay). As is well known, delay in a feedback loop will limit the bandwidth and therefore the corresponding noise suppression. While this effect is present in our setup, here we are concerned with an entirely different consequence of the delay, which was pointed out in [7] . Because of the delay, the signal light exits the link at the far end before any correction can be sensed and applied at the transmit end. As a result, it is impossible to fully suppress the fiber link noise, and even if the round-trip noise is fully suppressed, the one-way signal light will still suffer from some unsuppressed fiber noise, this delayunsuppressed noise is described in detail in Subsection 3.A and Appendix A. The graphs of Fig. 1 illustrate these two regimes for both phase noise and frequency instability. In general, the phase noise on the transmitted (remote) signal for the phase-locked system can be expressed as S remote ͑f͒ = S Int ͑f͒ + S D ͑f͒ + other terms, ͑1.1͒
where S Int and S D are the interferometric and delayunsuppressed noise, respectively, and dominate other noise contributions for frequencies f below 1 / ͑4͒ where is the one-way propagation time along the link. Due to the low-frequency range of the interferometer-noise regime, we did not directly measure S Int but inferred it from the frequency instability. The frequency instability on the remote signal is expressed as the modified Allan variance where t g is the gate time (averaging time of the frequency counter) in seconds and L is the link length in kilometers. The empirical constant D characterizes the instability due to delay-unsuppressed fiber noise and is equal to ϳ8 ϫ 10 −20 ͑s/km͒ 3/2 for our fiber link. The constant Int characterizes the instability noise floor from the transmitter and receiver interferometers and is equal to ϳ2 ϫ 10 −17 s 1/2 for our setup. Section 2 outlines the basic experimental setup, which follows the well-established Doppler cancellation technique [5, 6] . Section 3 discusses possible limitations due to both the link and the measurement systems. In Section 4, we present experimental results supporting Eqs. (1.1) and (1.2). The measurements of Section 4 used bidirectional optical fiber, i.e., the outgoing and return signals are carried on the same fiber strand. Most deployed fiber networks include optical isolators and do not support bidirectional transport. Section 5 discusses measurements where the outgoing and return signals propagate down different fiber strands within a single fiber bundle. We find this bidirectional transport is not competitive with satellite-based techniques.
EXPERIMENTAL SETUP
Thermal and acoustic fluctuations of the fiber link will Doppler-shift the transmitted frequency. The link can be stabilized against these optical-path-length fluctuations by either physically modulating the path length or by intentionally shifting the frequency of light to cancel the Doppler shifts [1, 2] . Physically modulating the path length through, for example, a piezoelectric fiber stretcher is impractical for long-distance transport because of its low dynamic range [1] . Furthermore, the birefringence associated with the fiber stretcher can couple with the fiber link polarization-mode dispersion (PMD) to degrade the frequency stability [11, 12] . These drawbacks are avoided by instead compensating for the Doppler shift with an acousto-optic modulator (AOM) [5, 6] .
In an actual frequency transfer link, the remote end would be far from the local (source) end. However, testing the stable transport of an optical frequency requires that the fiber link forms a loop. In such a configuration, light exiting the link's remote end is located near the source for comparison. Figure 2 illustrates our setup where the local portion and remote portion of the setup are indicated. The stable optical frequency source is a 1535 nm cw fiber laser stabilized [13] to a stable optical cavity (finesse is 165,000; linewidth is 9 kHz) giving a linewidth of ϳ1 Hz (coherence length ϳ3 ϫ 10 8 m) over a 1.5 s observation time and a drift rate of a few Hz/s. An ϳ10 m fiber link connects this laser to the setup. The added phase noise from this short fiber link is insignificant compared to the larger delay-unsuppressed link noise (see Subsection 3.C). Part of this source light is launched into the link, and part is split off to serve as a local oscillator (LO). Source light launched into the link passes through AOM1 (adding a nominal 80.5 MHz frequency shift) and propagates to the remote end, where it encounters AOM2, which provides an additional fixed 24 MHz frequency shift to distinguish light reflected at the remote end from stray reflections along the link [9, 14] . Fifty percent of the light is retroreflected from the remote end, emerges from the start of the fiber, and is heterodyned against the LO light to yield a 209 MHz RF signal (twice the nominal 80.5 MHz shift of AOM1 plus twice the 24 MHz shift of AOM2). Assuming equal noise in the forward and return paths, this RF signal includes twice the phase noise of the one-way transmitted optical frequency. This 209 MHz signal is phase-locked to a RF synthesizer through feedback to AOM1 [5, 6] . The response of this phase-locked loop (PLL) is analyzed in much more detail in Appendix A. It includes a 16ϫ frequency divider on the heterodyned signal to provide the dynamic range necessary to maintain phase-lock despite large acoustic disturbances [14] . Heterodyne detection of the return light, in combination with the use of optical amplification in the 251 km link (discussed later), ensures close to shot-noise-limited singal-to-noise ratio (SNR) provided the polarizations states of the LO and return light are aligned using a fiberoptic polarization controller. Slow changes in the fiberlink birefringence (due to temperature or stress variation) will cause a drift in the polarization of the round-trip signal. To combat this, a partially reflecting (50%) Faraday mirror was used to reflect the round-trip signal so that it emerged from the fiber link with a polarization orthogonal to the input polarization state regardless of the fiber birefringence [15] .
Although the PLL acts to cancel the phase noise on the round-trip signal, its real purpose is to cancel the phase noise on the remote one-way signal. To test the noise reduction, the remote one-way signal was heterodyned against a portion of the source laser (LO) light at the remote detector, yielding a 104.5 MHz beat note that was analyzed for frequency stability and phase noise. Since this one-way signal does not benefit from the Faraday mirror, periodic adjustments of the polarization controllers in this branch were necessary. Figure 2 shows erbium-doped fiber amplifiers (EDFAs) interspersed on the link. For links less than 80 km, the EDFAs were not used. However, at longer link lengths the cumulative loss from the link resulted in very-low-return optical power and insufficient SNR for a phase lock. For example, at 251 km the one-way link loss alone was 62 dB. However, with the insertion of bidirectional EDFAs, the SNR effectively decays linearly with length rather than exponentially [16] , and, as found previously, the SNR is not a practical limit to long-distance frequency transport [7] . To prevent lasing and stimulated Brillouin scattering (SBS) caused by reflections from fiber connections throughout the link, the gain of any individual (isolator-free bidirectional) EDFA was limited to 7-25 dB. An optical bandpass filter (ϳ1 nm FWHM) centered at 1535 nm reduced the amplified spontaneous emission that might otherwise saturate the EDFA gains.
PERFORMANCE LIMITATIONS
We now discuss a number of effects that limit the coherence of the transmitted signal, including measurement-related effects such as phase noise on the source, RF electronics, and receiver/transmitter interferometers, as well as link-related effects such as delay, nonlinear effects, and polarization-mode dispersion. The two dominant effects are the delay-unsuppressed fiber link noise, discussed in Subsection 3.A, and the excess phase noise from the interferometer, discussed in Subsection 3.B.
In analyzing the transmitted remote signal it is most useful to consider its phase-noise power spectral density (PSD), S remote ͑f͒. The integrated timing jitter follows directly from the integral of this phase noise after dividing by 2, where is the optical frequency. The frequency instability is calculated directly from this PSD as well, using the weighting function appropriate to the desired metric (normal Allan deviation, modified Allan deviation, etc.) [17] [18] [19] .
A. Delay Effects and Residual Fiber Noise
The length L of the fiber-optic link leads to a finite transit time = L / c n for light to propagate down the fiber, where c n ϳ 2 ϫ 10 8 m / s is the speed of light in the fiber. As discussed in more detail in Appendix A, this delay has two effects. First, it leads to characteristic servo bumps on the phase-noise spectrum at harmonics of 1 / ͑4͒; these bumps increase the overall integrated timing jitter. Second, and more important from the point of view of stability, it limits the effectiveness of one-way noise cancellation. If there is phase noise on the transmitted signal from fiber noise, S fiber ͑f͒, then even for perfect cancellation of this noise on the round-trip light, the one-way light will still suffer from delay-unsuppressed fiber phase noise of magnitude
, where a =1/3 for uniform spatial distribution of noise. This approximation holds for low Fourier frequencies f, but a complete expression valid for all f is also given in Appendix A [Eq. (A8)]. This effect is not related to any bandwidth limitation of the PLL, but is intrinsic to the fact that we are phaselocking the round-trip signal at the local end and measuring the one-way signal at the remote end. We find that in our fiber link, S fiber ͑f͒ ϰ 1/f 2 for f below an empirical cutoff f c (discussed in Subsection 4.B). Equation (3.1) then predicts white phase noise for S D at frequencies below f c and the link resonance 1 / ͑4͒ [see Fig. 1(a) ]. This delay-unsuppressed noise is a fundamental limit for this technique. Therefore, in the remainder of Section 3, we compare all other effects to Eq. (3.1).
B. "Local" and "Remote" Interferometer Phase Noise
Out-of-loop paths (where LO light travels a different path from the signal light) in the local (transmitter) and remote (receiver) heterodyne interferometers are uncontrolled, and their length noise causes uncompensated noise S Int that varies as 1 / f 2 . We desire that the interferometer's noise contribution be less than the delayunsuppressed noise floor of Eq. (3.1), or
Since S Int diverges, we cannot satisfy condition (3.2) at arbitrarily low frequencies. Indeed, in previous experiments exploring coherent transfer over a short fiber network, out-of-loop path lengths dominated the measured instability at long gate times (low f) [4, 10] . For longer optical fiber links, S fiber is correspondingly larger and the condition (3.2) can be satisfied at lower values of f (longer gate times), but ultimately S Int ͑f͒ will always dominate at the lowest frequencies [ Fig. 1(a) ].
We minimize out-of-loop path noise by using a short path length, enclosed free-space interferometer [ Fig. 3(a) ]. We allow the light to propagate in optical fiber (for convenience) only when the LO and signal paths are colocated. The residual frequency instability corresponding to the covered free-space interferometer gives the system noise floor in Section 4 [ Fig. 3(b) ].
C. Source Phase Noise
The source phase noise should be low enough to not add excess noise. For a laser with phase noise S Laser ͑f͒, the self-heterodyne contribution to the round-trip phase noise is S self-het ͑f͒ = 4 sin 2 ͑2f͒S Laser ϳ͑4f͒ 2 S Laser ͑f͒. Again, we require this contribution to be less than the delayunsuppressed residual link noise of Eq. (3.1), so that S Laser ͑f͒ Ͻ aS fiber ͑f͒.
͑3.3͒
Condition (3.3) is easily met with a state-of-the-art cavitystabilized laser. We measure an upper limit for our source of S Laser ͑f͒ Ͻ 10 −1 f −2 rad 2 / Hz, although the actual phase noise is likely orders of magnitude lower [20] . In Section 4, we find S fiber ϳ 10 3 f −2 rad 2 / Hz for our 251 km link, so the condition (3.3) is well satisfied. In practice our effective laser phase noise is limited by the phase noise added from the ϳ10 m of fiber connecting the laser to the interferometer. Again, as this 10 m of fiber is substantially shorter than the link length, Eq. (3.3) is well satisfied.
D. RF Electronic Phase Noise
It is important to minimize the cumulative phase noise of the RF electronics, S RF . Since RF phase noise is additive, low RF noise requires that
which is easily met for modern RF synthesizers, even for very low fiber phase noise. Furthermore, we removed any low-frequency divergence in S RF by phase-locking the PLL reference synthesizer and the frequency counters to a common 10 MHz reference signal.
E. Fiber Nonlinearities
In addition to the limit on the launched powers imposed by SBS, fiber nonlinearities can cause nonreciprocal phase noise through amplitude-to-phase noise conversion in the optical fiber [21] . However, this effect is small when a cw (as opposed to a modulated) signal is being transmitted. For a link with no EDFAs, the nonlinear phase
−3 RIN Laser , where ␥ ϳ 2/͑W·km͒ is the fiber nonlinearity, P 0 ϳ 1 mW is the launched power, ␣ ϳ 0.2 dB/ km is the fiber attenuation, and RIN Laser is the laser noise. For any reasonable cw laser, the nonlinear phase noise is many orders of magnitude below the other limitations discussed here. Similarly, the phase jitter induced by the amplified spontaneous emission of the optical amplifiers in the link (similar to the Gordon-Haus effect) is also negligible compared to other limitations.
F. Polarization-Mode Dispersion
Some researchers have reported degraded stability of their frequency transport due to nonreciprocal noise caused by PMD in the optical fiber [1, 2, 11, 12] . However, we see no such effect in our measurements. We attribute this to the low differential group delay of our fiber link. We found DGD = 140 fs for one pass of the 38 km BRAN link (see Section 4). This corresponds to a PMD coefficient The interferometer is exposed to room air currents until time= 83 s, when it is covered with a box for isolation, yielding a 9 dB improvement in frequency noise. For comparison, we assembled an all-fiber interferometer and found a considerably larger standard deviation of ϳ20 mHz under the same isolated conditions. of 0.02 ps/ km 1/2 . In contrast, PMD-induced frequency instabilities were seen in [11] where the fiber had a PMD coefficient of 0.75 ps/ km 1/2 , which did degrade the frequency stability (before mitigation). A full treatment of the PMD effects is complicated, since it must include the polarization effects of the heterodyne detection and statistics of PMD. Here, we present a simple estimate the magnitude of the one-way phase noise due to fiber PMD and its resulting effect on the frequency instability.
For polarized light launched with its state of polarization at an angle ␣ (in the coordinates of the Poincare sphere [22] ) with respect to the fast axis of a birefringent fiber, the net phase accumulated by the light propagating through the fiber is ͑t͒ = ⌽ iso + tan −1 ͕cos ␣ tan͑ DGD ͖͒, where ⌽ iso is the non-polarization-dependent delay, the second term is the PMD contribution of interest, and DGD is the differential group delay (DGD) [23] .
We see two mechanisms for fiber PMD to degrade the stability. First we estimate the phase noise from PMD due to general fiber contraction or expansion. A change in the overall fiber delay ␦ will produce a parasitic change in the DGD, ␦ DGD = ͑␦ / ͒ DGD . Setting ␣ = 0 for the maximum effect, the change in phase will be ␦ PMD = ␦ DGD .
Since fluctuations in the overall delay give exactly the one-way fiber noise, S fiber , the PMD contribution to phase noise will be
which exceeds the delay-unsuppressed fiber phase noise [Eq. Environmental effects randomly change the orientation between the input polarization state and the fast axis of a birefringent fiber link, causing Doppler shifts unrelated to fiber length changes. We estimate an upper limit to this second possible PMD effect. Light switching from the fast axis to the slow axis in a time t switch will give a frequency shift of ͑␦ / ͒ = DGD / t switch . In our link, we estimate t switch Ͼ 36,000 s ͑10 h͒ based on how often we must reorient the paddles for the one-way signal, yielding an upper limit of ͑␦ / ͒ =8ϫ 10 −18 (for the 251 km link with DGD estimated to be 320 fs). However, even at this low level, our measurements of frequency instability show no such PMD effects-the true t switch for our setup must be even longer than our estimate.
When PMD is large enough to affect the frequency instability, a solution (for RF frequency transport) is to scramble the polarization rapidly to average out the PMD effect [1, 2, 12] . Such a solution would be possible for an optical frequency carrier as well, but it would be quite complicated since it would require coherent, polarizationdiverse detetection.
EXPERIMENTAL RESULTS

A. Optical Fiber Link
The experiments were carried out on installed fiber from the Boulder Research and Administration Network (BRAN) in Boulder, Cols. The use of installed fiber was critical for achieving realistic fiber link noise, and the BRAN fiber is likely particularly noisy due to its frequent excursions above ground. A short 7 km section of the link was used in [8, 10] . For the longest distance experiments, the light travelled twice around Boulder on different fiber strands of the BRAN fiber, for a total length of 76 km that included ϳ50 FC/PC fiber connections, ϳ16 locations where the fiber exited the ground, and a total of ϳ1 km of fiber passing through acoustically noisy building ductwork. In order to conduct experiments on even longer fiber links, we supplemented the BRAN fiber link with up to 175 km of spooled fiber. For the full 251 km, the roundtrip link loss was about 124 dB, excluding loss from the AOMs and the interferometer. Four bidirectional EDFAs were interspersed in the link, as discussed in Section 2. The PMD of the 38 km BRAN link was measured to have a DGD of 140 fs.
B. Measured Phase Noise and Timing Jitter on the Transmitted Signal
The measured phase-noise spectra for light traversing three different fiber links-the 38 km BRAN fiber, a 50 km spooled fiber, and the full 251 km link-are given in Fig. 5 . For the same fiber lengths, the spooled fiber had 20-25 dB less noise than the installed fiber. We find that unlocked phase noise on our 251 km fiber link approximately follows a power-law dependence, S fiber ͑f͒ϳh / f 2 , for f Ͻ f c ϳ 1 kHz. For f Ͼ f c , S fiber ͑f͒ drops more rapidly. For the full 251 km link, we find h ϳ 10 3 rad 2 · Hz. Since this phase noise should scale with length, we define the phasenoise coefficient h L = h / L ϳ 4 rad 2 · Hz/ km. The scaling S fiber ͑f͒ϳh / f 2 is only an approximation, valid over a certain region of Fourier frequencies. In general, the environmentally induced fiber noise is expected to increase with decreasing f but will not follow a single power-law dependence on f. In that case, the expressions for the jitter or stability given below can be modified by substituting the measured S fiber ͑f͒ into Eq. (3.1) and using the more general integral equations (see [17, 18] ) to calculate the Allan deviation.
As shown in Fig. 6 for the 251 km link, we find the measured locked phase noise to be in good agreement with that predicted by Eq. (3.1). To further explore the length dependence, Fig. 7 shows phase-noise spectra, RF power spectra, and integrated phase jitter measured at Fig. 4 . Optical time-domain reflectometer (OTDR) trace for the 38 km BRAN fiber link traversing Boulder. Each spike represents a point where the fiber emerges from the ground to a patch panel. The light traveled from NIST to NCAR Mesa lab, returned on a different fiber passed by NIST again, through University of Colorado campus (CU), to NCAR foothills lab, returned on a different fiber, took the southern route around CU, and finally returned to NIST, for a total of 38 km. The same loop could be traversed again on different fiber for a total of 76 km. different link lengths. We adjusted the link length by varying the number of spools and BRAN fiber loops in the link. Several features are evident in both the RF spectra and phase-noise spectra. Figure 7 (a) illustrates that the phase noise increases quickly with length, as predicted from Eq. (3.1). In addition, strong servo bumps appear at multiples of 1 / ͑4͒ due to the locking conditions, as discussed in Appendix A. As this phase noise increases, there is an erosion of the coherent peak in the RF spectra [ Fig.  7(b) ]. The length dependence of the phase noise is shown more clearly in Fig. 7(c) , which plots the integrated phase noise, and corresponding timing jitter, as a function of link length. From [7] we find the simple expression for the timing jitter,
, and excluding the servo bumps from the integral. This equation, plotted as a straight line in Fig. 7(c) , predicts that the total jitter should scale approximately as L 3/2 (since scales as L). The carrier collapse of the RF power spectra will occur when the integrated phase noise goes beyond ϳ1 rad, corresponding to a timing jitter of ϳ0.8 fs. In Fig. 7 (c) this crossover occurs at ϳ80 km link length. For quieter fiber, it would occur at a longer distance.
C. Measured Frequency Uncertainty on the Transmitted Signal
Often the frequency instability or uncertainty is taken as the regular or total Allan deviation. For white frequency noise (i.e., phase noise that scales as 1 / f −2 ), this choice is appropriate. However, for white phase noise (i.e., phase noise independent of f), the frequency noise increases as f 2 , and the regular Allan deviation diverges unless a lowfrequency cutoff is invoked (and it is not always clear what the appropriate cutoff frequency might be) [17] [18] [19] . In this case, a less ambiguous metric of the frequency instability is the modified Allan deviation, which does not suffer from the same divergence issues. The use of the modified Allan deviation is more than a mathematical convenience; as shown in [18, 19] , it also is closely relatable to values returned by the frequency counter instruments used in our experiments. We therefore use it here. The frequency instability of the transported light follows directly from the appropriately weighted and integrated phase noise. The frequency instability will be limited by the delay-unsuppressed phase noise (Subsection 3.A) for short gate times, and by the phase noise of our interferometers (Subsection 3.B) at long gate times. These two contributions are presented in Eq. (1.1) in the white 
͑4.1͒
The factor has the values 3 / 2 for the modified Allan variance and 8 for the triangle Allan variance [17, 18] . From our fiber noise h L measured above, the optical frequency = 195ϫ 10 12 Hz ͑1535 nm͒ and a =1/3, we calculate D =8ϫ 10 −20 s 3/2 ·km −3/2 for our link for the triangle Allan variance ͑ =8͒, which is appropriate for short gate times where the counter directly averages the signal.
[The actual value of a will depend somewhat on the distribution of the noise across the link as given by Eq. (A11)]. From Section 3, our approximation that the out-of-loop interferometer adds a phase noise S Int ͑f͒ that varies as 1 / f 2 leads to a corresponding modified Allan variance of Int 2 ͑t g ͒ = Int 2 / t g [17, 18] , and we empirically measure Int = remote ͑0 km,1 s͒ =2ϫ 10 −17 ͱ s, where remote ͑0 km,1 s͒ is the modified Allan deviation of our system with a zero link length (shorted) and measured with a gate time of 1 s. The sum of these deviations yields the total modified Allan deviation of Eq. (1.2) .
To measure the fractional frequency instability, we directly counted the 104.5 MHz beat frequency generated by heterodyning the one-way (remote) light with the source light. The resulting counter data were then analyzed to give the fractional frequency uncertainty (modified Allan deviation) plotted in Fig. 8(a) for several different link lengths. Both the shapes and magnitudes follow Eq. (1.2) ; the uncertainty v,remote falls off as t g −3/2 (the delay-unsuppressed regime) until reaching the system noise floor, whereupon it falls of as t g −1/2 (the interferometer noise regime). Figure 8(b) shows the measured Allan deviation at 1 s gate times, as in [7] , for different link lengths, giving the expected L 3/2 scaling. Note that the scaling of the uncertainty at short gate times follows the scaling of the integrated timing jitter, except that it does not have any added contributions from the servo bumps since they are outside of the effective low-pass filter from the counter. At long gate times, where the Allan deviation is limited by residual phase noise in the transmit and receive interferometers, the uncertainty is independent of link length.
BIDIRECTIONAL FIBER EXPERIMENTS: PERFORMANCE DEGRADATION
Fundamental to the Doppler cancellation technique is the availability of the round-trip light. However, providing this round-trip signal can be difficult in installed longhaul networks, which have EDFAs, typically equipped with optical isolators spaced every 30-100 km along the link. These optical isolators prohibit Doppler cancellation using a round-trip signal. A simple approach to overcoming this would be to send the round-trip monitor signal back to the local end through a different fiber. However, the fiber noise cancellation works only if the outbound phase noise exactly equals the return-trip noise, which will not be true for separate fibers. A compromise might be to use a duplexed fiber in the same cable (separated by less than 2 mm). As reported in [24] , Daussy et al. measured the phase noise on RF frequencies propagating in two adjacent installed fibers 48 km long and found the phase noise between the two fibers to be a factor of 10 smaller than the phase noise on either individual fiber.
To explore the performance of such a stabilized duplexed link, we investigated both 400 m (spooled) and 38 km (installed) fiber links in both bidirectional and duplexed configurations. Figure 9 (a) illustrates the duplexed link setup where optical circulators were used to separate the outbound and return light onto different fibers in the duplexed pair. Above 30 Hz, the one-way phase noise was controlled to a level close to the theoretical limit. At lower frequencies, there was still some suppression of the fiber noise, but the one-way phase noise began to diverge as 1/f. This excess phase noise is expected to lead to a much higher frequency uncertainty. Figure 9 (b) reports the delivered frequency offset (with 1 h running average) for the installed 38 km fiber link in both bidirectional and duplexed configurations. For the duplexed 38 km case, the averaged frequency error reached as much as 0.7 Hz with an approximately 24 h period. Figure 9(c) shows the resulting measured Allan deviation for both the 38 km link and a 400 m spool of fiber. In the duplexed configuration, both fiber lengths showed the characteristic flat dependence on gate time as a result of the flicker frequency noise. In contrast, the conventional bidirectional noise cancellation of both lengths averaged down with gate time. Since the flicker noise is not affected by the lock, we expect it to scale linearly with fiber length L.
The unidirectional nature of most existing long-haul optical fiber networks severely limits the stability of frequency transfer. Some expensive solutions could be the installation of long-haul optical fiber links dedicated to frequency transport (without isolators), or the modification of existing network structures to allow bidirectional operation of unidirectional EDFAs [25] . Perhaps older fiber networks exist that are obsolete in terms of optical telecommunications needs but would be suitable or modifiable for the more minor requirements of frequency transport. Without such approaches, long-haul frequency transport is currently not competitive with satellite-based techniques.
CONCLUSION
We demonstrate that it is possible to transfer an optical frequency over long distances in optical fiber with little degradation of the frequency stability. At short averaging times, the stability is limited by the delay-unsuppressed fiber noise on the link, and at longer averaging times, the stability is limited by phase noise in the transmit and receive interferometers. Both of these limitations can be low, and it is possible to reach very high frequency stabilities in only tens of seconds of averaging. In contrast, the timing jitter, or phase noise, of the signal will degrade significantly with link length, scaling as L 3/2 , due to residual noise on the fiber link. We note that these same basic limiting effects (fiber noise and out-of-loop path noise in the transceiver) will be present as well for RF-transfer techniques. However, the advantage of the optical transfer is that other noise effects are minimal. The most challenging limit is in finding (or modifying) an existing long-haul optical fiber network compatible with bidirectional frequency transfer.
APPENDIX A
Here, we analyze in detail the phase-locked loop used in the Doppler cancellation scheme shown in Fig. 10 . With the PLL inactive, the phase noise accumulated by light traveling forward in length of optical fiber starting at position z = 0 and exiting the fiber at z = L at time t is
where = L / c n is the propagation delay in the fiber, c n is the speed of light in the fiber, and ␦͑z , t͒ is the phase perturbation on the fiber at time t and position z with respect to some reference path. The phase noise on the round-trip light exiting the fiber at a time t is
͑A2͒
The Fourier transforms of the above equations are 
͑A3͒
Assuming that the noise is uncorrelated with position, the phase-noise PSD for the fiber-induced phase noise on the one-way light is
and the fiber-induced noise on the round-trip light is S fiber,RT ͑͒ = ͉͗ fiber,RT ͉͑͒ 2 ͘ = 2S fiber ͑͒͑1 + sinc͑2L/c n ͒͒,
͑A5͒
under the simplifying assumption that the noise is independent of position. The round-trip noise is four times larger than the one-way noise at low frequencies ͑sinc͑0͒ϳ1͒ since it is correlated, and only two times larger at higher frequencies, where it is uncorrelated [26] . Now we consider the PLL. Using Laplace notation, the open loop gain is
where G 0 is an overall gain including the divider and phase-to-voltage conversion of the phase detector, F͑s͒ is the loop filter gain, K is the voltage-controlled oscillator (VCO) conversion from volts to frequency, and is the one-way delay down the fiber. The usual algebra [27] yields the noise S local on the phase-locked round-trip light as
where we let s → i convert to frequency space (as we do freely below as well). The open-loop gain G is constrained by stability requirements. The large delay causes phase shifts in the loop that can lead to positive feedback. This problem can be mitigated through appropriate loop filter design as in [28] , but here we consider a simple proportional-integral loop filter. If we assume that the knee of the proportionalintegral bode plot occurs at low frequency, then arg͓G͑i2f͔͒ =−͑ /2+2f͒, passing through at f =1/͑4͒. As the phase passes , the feedback is positive, and one would expect to observe oscillations. Indeed, we do observe servo spikes at f =1/͑4͒ and multiples thereof, but they are finite because the magnitude of the gain, ͉G͑i2f͉͒ ϰ cos͑2f͒, vanishes at exactly these same frequencies. In operation, we typically increase the proportional gain such that the unity gain occurs at frequencies greater than 1 / ͑4͒. This comes at the cost of multiple servo bumps but with the benefit of increased lowfrequency suppression of the noise, important for lowfrequency instability. For our 251 km link, the proportional gain is set such that S local ϳ 2 ϫ 10 −7 f 2 S Fiber,RT at low frequencies. The unity gain point is then ͑2 ϫ 10 −7 ͒ −1/2 ϳ 2 kHz, and indeed we observe servo bumps at multiples of f =1/͑4͒ϳ200 Hz, extending beyond 1 kHz. Now consider the one-way output light. The correction signal applied to the AOM for the one-way light is G 0 F͑s͒s −1 Ke −s RT ͑s͒. Again, following the usual algebra [27] , the phase of the locked one-way light is remote ͑s͒ = fiber ͑s͒ − ͩ G 1 + G ͪ fiber,RT ͑s͒ 2 cosh͑s͒ . ͑A8͒
An exact solution for the phase-noise power spectral density on the one-way light with the PLL active can be calculated by use of (A3), (A6), and (A8) for a given loop-filter
F͑s͒ and fiber-noise ␦͑z , t͒ profile. However, it is more instructive to consider two limits. First, well outside of the unity gain bandwidth, G → 0, and the noise is of course the fiber noise (A4). Well within the unity gain bandwidth, G → ϱ, and Eq. (A8) together with Eq. (A3) yields
͑A9͒
Since high gain is synonymous with low Fourier frequencies, we can take the limit of Eq. (A9) and assume spatially uncorrelated noise along the fiber to find the desired result, which describes the physical distribution of the noise along the fiber and equals 1 / 3 for uniformly distributed noise.
